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Example

t=VxyeN ?P(x,y,70)

u=Vxye?T,?n(x,y) =x*—y

0 = {?P +— (\abf.a+ b*> = fab); 7Q +— (\ab.a® — b);
T — N; ?n (Aab.a+ b?) }

t{0} = uf{0} =VxyeNx+y’=x*+y

Theorem (Robinson, 1965)

First-order unification is decidable

Theorem (Huet, 1973)

Higher-order unification is undecidable.

4/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)
» Semi-complete algorithm for enumerating unifiers
P Reference algorithm for general unification
> Inefficient in practice and too complex to implement

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)
» Semi-complete algorithm for enumerating unifiers
P Reference algorithm for general unification
> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)

P Restricts metavariable arguments to distinct bound variables
(?X[x1,. .., %xn])

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)

» Semi-complete algorithm for enumerating unifiers

P Reference algorithm for general unification

> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)

P Restricts metavariable arguments to distinct bound variables

(?X[x1,. .., %xn])
» Has most-general unifiers (is complete)

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)

» Semi-complete algorithm for enumerating unifiers

P Reference algorithm for general unification

> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)

P Restricts metavariable arguments to distinct bound variables

(?X[x1,. .., %xn])
» Has most-general unifiers (is complete)
» Efficient and simple implementation

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)

» Semi-complete algorithm for enumerating unifiers

P Reference algorithm for general unification

> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)

P Restricts metavariable arguments to distinct bound variables

(?X[x1,. .., %xn])

» Has most-general unifiers (is complete)

» Efficient and simple implementation

P> Sometimes too restrictive

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)
» Semi-complete algorithm for enumerating unifiers
P Reference algorithm for general unification
> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)
P Restricts metavariable arguments to distinct bound variables
(?X[x1,. .., %xn])
» Has most-general unifiers (is complete)
» Efficient and simple implementation
P> Sometimes too restrictive
Practice in proof-assistants.

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)
» Semi-complete algorithm for enumerating unifiers
P Reference algorithm for general unification
> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)
P Restricts metavariable arguments to distinct bound variables
(?X[x1,. .., %xn])
» Has most-general unifiers (is complete)
» Efficient and simple implementation
P> Sometimes too restrictive
Practice in proof-assistants.
> Miller pattern unification at the core in most cases

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)
» Semi-complete algorithm for enumerating unifiers
P Reference algorithm for general unification
> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)
P Restricts metavariable arguments to distinct bound variables
(?X[x1,. .., %xn])
» Has most-general unifiers (is complete)
» Efficient and simple implementation
P> Sometimes too restrictive
Practice in proof-assistants.
> Miller pattern unification at the core in most cases
> Adaptated to richer type theories (dependent types, inductives,
etc.) (Pfenning, 1991; Abel and Pientka, 2011)

5/14



Unification algorithms and proof-assistants

Huet’s pre-unification procedure (Huet, 1975)
» Semi-complete algorithm for enumerating unifiers
P Reference algorithm for general unification
> Inefficient in practice and too complex to implement
Higher-order Pattern Unification (Miller, 1989)
P Restricts metavariable arguments to distinct bound variables
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» Efficient and simple implementation
P> Sometimes too restrictive
Practice in proof-assistants.
> Miller pattern unification at the core in most cases
> Adaptated to richer type theories (dependent types, inductives,
etc.) (Pfenning, 1991; Abel and Pientka, 2011)
» Heuristics and user hints for handling general cases (Ziliani and
Sozeau, 2017; Saibi, 1999)
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» No implementation in proof assistants
Goals

» Formally specify FCU in the context of the Rocq
proof-assistant’s type theory

» Implement it for Rocq
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A unification problem between two terms, denoted
PS|I F ¢4 ~7, u” is said to be solved by a substitution pair

YNE - (¢; 0): @X" if t{(¢; 0) }Zuf(¢;0) }-

Definition (Substitution subsumption)

We say that (01; ¢1) < (02; ¢2) if there exists (6*; ¢*) such that
(02; @2) = (0% ¢™) 0 (015 ¢1)

Definition (Most general unifier)

A solution to a unification problem is a most general unifier if it is
minimal for <.
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Definition (FCU problems)

A unification problem is an FCU problem if
1. The unified terms are patterns
2. Forevery 7X[Aq,..., Ay, thereisnoi# jst. &+ A; T A;

3. Forevery ?X[A;,...,Ap) and ?X'[By, ..., By, we don’t have
A C Bj
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FCU algorithm for PCUC (1/2)
Unifying types.
PR+t P40 | Y0
———

~
input output

PINLF T =5, U-Ad | X6,
@1’21|T{91}} H t{{&l}} %;j u{{&l}} - ®y | 22;02
DR T =7, ul 4y Sghs 0 6,

UNIFTYPES
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Unifying types.
PR+t P40 | Y0
———

~
input output

PINLF T =5, U-d|S;6,
@1’21|T{91}} H t{{&l}} %Zj u{{91}} - ®y | 22;92
DR T =7, ul 4y Sghs 0 6,

UNIFTYPES

Syntax-directed algorithm
PNt~y u4d | %0
—_———— N—

input output

X[V DI invert’f:H\I,N =N H49;%:0
UL F X[o] =% N =4 @ |2 {(2X\N")g };(2X\N')g 0 8

META-INSTR
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Inversion. | |X invert‘zH\PN =N 4®":%":0

» Finds instances of A € g, in N and inverts it.

» Applies pruning
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> As an extension to the Unicoq plugin
> Reasonable implementation complexity, no efficiency drawback

» Need for more refined benchmarks to evaluate usefulness

Set Unicoq FCU.
Definition div2 :=
ax_ind (fun n => (exists k, n = 2*k) \/ (exists k, n = 2*k+1))
(fun n h => match h with
| ¢1 (k1, is_even) => w2 (k1, aux is_even)
| w2 (k2, is_odd) => 1 (S k2, aux' is_odd)
end

)
(t11 (0, ax_eqsymm (mult_O 2)) {fun k => 0=2"k}).

Unset Unicoq FCU.
Fail Definition div2' :=
ax_ind (fun n => (exists k, n = 2*k) \/ (exists k, n = 2*k+1))
(fun n h => match h with
| ¢1 (k1, is_even) => 12 (k1, aux is_even)
| w2 (k2, is_odd) => 1 (S k2, aux' is_odd)
end

)
(t11 (0, ax_eqsymm (mult_O 2)) {fun k => 0=2"k}).
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Synthesis.
» Formal specification of syntax directed FCU for PCUC a la
Pfenning (1991) and Ziliani and Sozeau (2017)
» No proof of soundness and completeness yet
» Implementation in Unicoq
Future work.
» Prove soundness and completeness in Rocq
» Extend FCU unification with records/3-types (Abel and Pientka,
2011; Kovacs and Bocquet, 2023)
» Handle definitions and not only axiomatic constants (Pfenning
and Schiirmann, 1998)
Long term goals.
» Develop a modular formal framework for studying unification
heuristics and their compositions
» Specify the full elaboration and unification implementation of
Rocq
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