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Higher-order unification is the problem of solving semantic equations between
arbitrary programs, understood as A-terms. While higher-order unification is
undecidable in general (Huet, 1976), decidable special cases have been extensively
investigated (Huet and Lang, 1978; Miller, 1992; Dowek, 2001). Among them, second-
order matching has been proposed as a generalization of the first-order pattern-
matching construct found in functional languages to second-order terms, that is, to
syntax trees with variable binding.

In this report, we revisit the Huet-Lang algorithm (Huet and Lang, 1978) for
solving second-order matching problems. We reformulate their algorithm in mod-
ern notation, using a non-deterministic system of inference rules to express the
available canonical solutions to a given matching problem. This allows us to specify
the algorithm in a concise way, emphasizing its core steps and simplifying its
correctness proof.

1 Introduction

Unification problems predate the study of programming languages, and were introduced in the
context of propositional logic (Herbrand, 1930). A unification problem is an equation of the form
t1 = to where t; and t9 are syntactic objects called terms that contain variables representing
unknowns. Solving a unification problem means finding values for some or all of the variables
in order to make the left-hand side and the right-hand side of the equation syntactically equal.
The action of replacing each variable with its chosen value is called substitution.

1.1 First-order syntax

Terms can represent objects of different natures. An example of a term in propositional logic

would be
t1=(A = (BNA = D))vC

where A, B, C, D are constant propositions. Terms can also represent algebraic expressions,

for example
up = ((34+5) x7)—12,
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Figure 1: Terms 9, ug and v seen as trees

or inductive data structures that can be found in functional programming languages, such as
vy =1:(2:(3::(4::nil))),

which represents the list usually denoted by [1;2; 3;4].

The three example terms above are closed, meaning that they contain no variable. In almost
all situations where we reason about syntactic objects, the need to refer to “unknown” or
“undetermined” subterms arises, and it is answered by adding variables to the terms. We give
three example terms with variables.

to=(r = (BAz = y))VvC
us = (2 x 7) — 12
ve ==z (2:y)

We give meaning to the concept of a variable through the operation of substitution. If we
replace each occurence of z by the term A and each occurence of y by the term D in ¢,
we get (A = (BAA = D))V C which corresponds to the term ¢; ; in that case
we write to = t1[z — A,y — D]. We see that we also have uy = uj[z +— 3 + 5] and vy =
vifz — 1,y — (3 (4 nil))].

It can be useful to see terms as trees, where internal nodes are operator symbols taking their
arguments as children, and leaves are either variables or constant operators. Figure 1 shows
what the terms defined above would look like.

Looking at terms of trees, we can see that there is no syntactical difference between terms
of different languages and they are fully distinguished by which operators are used. We can
therefore study problems of unification and matching in a uniform way by abstracting over the
set of operators in use in a given language. We call this set the signature of this language. The
languages of ¢2 and ugy are characterized respectively by the signatures ¥; and ¥, defined as
follows.

Ye={V:(2),N:(2),=:(2),-:(1)}
Yu={+:(2),x:(2),-:(2),/:(2)}



We assigned a number, called arity, to each operator in each language, which represent the
number of argument the operator has. This notion of arity is insufficient if we want to define a
signature for the term vy, because there are two distinct types of terms in its language: numbers
and lists. In that case, we need a way to specify the fact that the operator :: only accepts a
number as its first argument, and a list as its second argument, and that it outputs a list as a
result. If we denote the type of lists by L and the type of numbers by N, we can define a

Yo={(:):NxL—-L}

We have just (informally) defined what is called first-order abstract syntax, the setting where
first-order unification is studied. For the purpose of strudying second-order matching, we will
introduce, later, an even more refined notion of arity that allows us to work with terms binding
variables (sections 1.4 and 2.2).

1.2 First-order unification

Let us present first-order unification using the signature of simple types that is used in ML-like
functional programming languagues,

N ={N(1),— (2)},

where N is the type of integers, and x — y denotes the type of functions from x to y. ML-like
languages support generic types, that is types that are not closed (i.e. that contain type variables).
So a typical program might, at a given time, have in its context a function f; of type x — =,
and a term fy of type y. When encountering the expression (fi f2), the type-checker needs
to make sure that the type of f5 (i.e. y) and the type of the argument of f; (i.e. x) are the
same. It therefore needs to unify the two type expressions, or deem the program ill typed if it is
impossible to unify them. In this example, a possible substitution is [x +— N,y — N] which
makes f1 of type N — N and f> of type N. But another possible substitution is [z — y|, which
is more general that the first one because it lets the type checker avoid commiting to a choice
for the variable y : it can decide it is indeed N later, or make another choice for it depending on
future information. In this situation we say that the second substitution is more general than
the first one.

We can ask two questions: if an equation has a solution, is there a always a “best” substitution
in the sense that it is more general than any other solution substitution? And if the answer is
yes, can we algorithmically find this most general substitution? Robinson (1965) proved that
the existence of a solution is decidable, and that any solvable first-order unification problem
has a computable most general solution.

1.3 First-order matching

Matching is a special case of unification, where in an equation ¢ = w, only ¢ may contain
variables. In other words, u is closed and we are looking for a substitutiono such that ¢t[o] = w.

Since first-order unification is decidable, so is first-order matching. But we are more interesed
in the latter as an expressive construct in functional programming languages : pattern matching.
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Figure 2: Representing the term w by a tree

It allows programmers to deconstruct terms of a sum type (which are, in their simplest form,
first-order terms over a user-defined signature) in an expressive way. For example, if we write

match 1:(2::(3:(4::nil))) with
| 220y —azy
| © — x,

we obtain the solution substitution [z — 1,y — (3 :: 4 :: nil)], and therefore this expression
evaluates to the list [1; 3; 4].

1.4 Second-order syntax

We would like to extend the pattern matching construct to not only work on inductive terms of
a sum type, but also on terms representing programs. However, first-order abstract syntax is no
expressive enough to represent programs, as it lacks the essential notion of variable binding.
For example, consider the following program in a language having only anonymous functions,
applications and additions as constructs.

w= (funz. z+x)y
If we want to look at it as a first-order term, we might define the signature
Yhad ={fun:TxT—=T,app: TXxT—->T}H+:TxT—T}

where T is the unique type of terms. We would then represent the term w by the tree in fig. 2a.
We see already see two problems in our approach. First, our term seems to have two variables,
x and y. But we did not intend for = to be an unknown in our term, it is bound in the argument
of the fun operator and we do not want to be able to substitute it. In fact, we want to be able
to say that w = fun z. z 4 z for any variable z. Following this observation, we see that what
we considered as the first argument to the fun operator, the variable ”z”, is not a subterm, but
only an indicator that the only subterm of fun, = + x, binds the variable x.



We therefore need to enrich our signatures with a construct allowing us to specify that an
operator’s argument binds a certain number of variables on one hand, and enrich our syntax
with a generic binding construct on the other hand. A good signature for our small language
here would be

Ygood ={ fun: (T—=T) =T, app: TxT =T}, +:TxT—=T}

The operator fun now has only one argument of type T x T, meaning that it represents a
term of type T in which a variable of type T is bound. The term w can then be seen as the
tree in section 1.4, in which the node (Ax) represents binding. A variable x appearing in a
second-order tree can now be in one of two cases: it either has a close ancestor node Az, in
which case we say it is bound by that node, or it has no ancestor of that form and we say it
is free in the term represented by that tree. The substitution we define for second-order terms
only replaces free variables, and does not have access to bound variables. We present these
concepts more formally in section 2.

Huet (1976) proved that second-order unification is undecidable, and that second-order
matching is still decidable in the second-order.

1.5 Second-order matching

Second-order matching is decidable, and when a solution exists, it is computable. But second-
order matching differs from the first-order case in that a solution is no longer a most general
substitution, but a most general set of independent substitutions.

We give a simple example with the following matching problem.

Y={A:T}
t=f(A)
u=A

The variable f here is of type T — T : it takes an argument of type T and the result must match
the term A of type T. Therefore we must replace f with a term binding one variable. One
solution is the substitution

o1 =[f — Az.z],

which maps f to the identity function. Another solution is the substituion
o9 = [f — \x.A],

which maps f to the constant function mapping every argument to A. Both substitutions make
the term ¢ match the term u, but neither one is more general than the other.

In section 3.1, we show that the solution set still has a structure and can be charactarized in a
straightforward way. In section 3.2, we present an inference system that can also be seen as an
algorithm that computes the solution set of a matching problem.



2 Higher-order syntax

In this section, we formally define higher-order abstract syntax, a general setting in which we
can study higher-order unification problems. We define higher-order terms as a special class of
simply typed A-terms, the class of long normal form terms, also called 5-short n-long terms.

2.1 Mathematical prolegomena

Definition 2.1.1 (Valuations). Let V' be a set. A V'-valuation is a pair f = (dom(f), f) where

dom(f) is a finite set and [ is a (total) map from dom(f) to V. Let A be a set. An (A4,V)-
valuation f is a valuation satisfying dom(f) C A.

Given a V-valuation f and 2 € dom(f), we write f(x) for f(z). For an (A, V)-valuation f,
z € Aandv € V, we define:

frx—ov = (dom(f)U{x},L’),

where f': dom(f)U{x} — V maps every y € dom(f)\{x} to f(y) and  to v. We sometimes
write © € f instead of x € dom(f). We also define

f—x = (dOm(f)\{l’},i‘dom(f)\{x}).

For two (A, V)-valuations f and g, we say that f C g if dom(f) € dom(g) and for all
v € dom(f), £(z) = g(z).

Definition 2.1.2. We equip ourselves with a countably infinite set A of variables.

2.2 Signatures
We start by defining simple types over a set and valuations.

Definition 2.2.1 (Simple types). Let T" be a set. The set 7 of (simple) types over T is defined
by the following grammar.

T7>rvw=AcT|T—v

We abbreviate the type 71 — (72 — (... (7, = A))...)as7 X ... X1, — A.
We define the order o of a type in 7 by induction.

o(A)=0
o(t = v) = max(o(7) + 1, v)
We extend this definition to any 7 -valuation I" by setting
o) =  maxyedomr) o(T()).

Definition 2.2.2 (Higher-order signature). A higher-order signature is a couple ¥ = (1%, Opy)
where T, is a set of primitive types, and Opy; is a Ty, -valuation of operators. We write |X| for
dom(Opy), and call the elements of this set operator symbols.

We assume that for any signature ¥ under consideration, the sets |X| and A are disjoint.



2.3 The \-terms

We fix a higher-order signature ¥ for the remaining of this section.

Definition 2.3.1 (Untyped A-terms). We define the set A}, of untyped A-terms over X by the
following rules.

Ay, >t u = A-terms over X
| x variable (z € A)
| F constant symbol (F € |X])
| (t)u application
| Azt abstraction

We abbreviate, when convenient, Az1. ... Azy,.tby Axy ... zp.tand ((... (((t1)t2)t3) .. )tn—1)tn
byti...tyorti(ta,...,t,). Wealways consider terms up to a renaming of their bound variables,
and abide by the Barendregt convention.

Definition 2.3.2 (Typing contexts). A typing context, denoted I' or A, is a (A, Ty;")-valuation.

Definition 2.3.3 (Typed A-terms). We define the typing judgment inductively by
the following system of inference rules.

rxel F e x|
'kaz:T'(x) I'FF:Opx(F)
I't:7—>w 'wu:r z:7FHt:v
'E{u:v PkXzt:T—wv

We define the set of typed A-terms for ¥ by
Ay, = {teAy |30, 3n, T'Ht: 7}
And we overload the notation with

As(T) = {teAy|3Ir,TFt:7}and
As(Ty7) = {teAs | TkHt:7}

Definition 2.3.4 (Free variables). Let t € A},. We define the set FV(¢) of free variables of the
term t by induction.

FV(x) = {z} (r€eA)
FV(F)=10 (Fe|X))
FV((t)u) = FV(t) U FV(u)
FV(Az.t) = FV(t)\{z}



Definition 2.3.5 (Simple substitution). We define a simple substitution as an (A, AY,)-valuation.
We use the symbols ¢ and 8 for substitutions. For x € A, we define o.x as follows.

S {U(a:) if x € dom(o)

x otherwise

We denote the set of simple subtitutions over X by &3, and the unique substitution with an
empty domain by id. For o € S¢, we define

= J Fv(o(@)

We say that o is closed if FV(o) = ().

Definition 2.3.6 (Applying a substitution). Let 0 € Sy.. We define —[o] : A}, — A§, by
induction.

zlo] = o.x
Flo|=F
(tyulo] = (¢lo])ulo]
Az.tlo] = Ay.t[o, z : y] where y does not appear in ¢ nor in o

Definition 2.3.7 (Well-typed substitution). We define the set of well typed substitutions with
respect to an output context A and an input context I" as follows.

Se(AT) = {oeSy|VeeA Aoz :T'(z)}

Lemma 2.3.8 (Relation between free variables and typing contexts). IfI" ¢ : 7, then FV(t) C
dom(T"). And ifo € Sx(A,T'), then FV(o) C dom(A).

Proof. Straightforward by induction on the typing judgement. O

Proposition 2.3.9. Lett € Ay, (A, 7) ando € Sx(A,T). We haveT' - t[o] : 7
In other words, we have

—[:} : AE(F,T) X Sz(A,F) — AE(A,T)
forallT € Ty and all contexts I" and A.

Proof. This is shown by a routine induction on the term ¢. A detailed proof can be found in
many works treating A-calculus, see for example the lemma 12.18 in the book of Hindley and
Seldin (1986). O

Definition 2.3.10 (Composing substitutions). Let 0,02 € Sx;. We define
og001 = (dom(o1)Udom(oz),z — (01.2)[02])

Proposition 2.3.11. Let 01,09 € Sy, andt € AY,. We have t[og o 01] = t[o1][02]



Proof. The proof for this proposition is not trivial, and can be found in detail in the book of
Krivine (1993) O

Proposition 2.3.12. Leto; € Sx.(A,I') and oy € Sx(0, A). We have oz 001 € Sx(0, (A, 1))

Proof. Straightforward by induction on the term ¢. O

2.4 The \-calculus

Definition 2.4.1 (One-hole context). We define the set Cy, of one-hole contexts by induction.

Cx> K = one-hole contexts over 2
| O empty context
| (1)K | (K)t application (¢ € AY;)
| \e. K abstraction

We use the same notations that we introduced for A-terms, and we define by induction the
operation C[t] of filling a context C' with a term ¢ and a judgment‘ O:AF7)|TF K:v

for well typed one-hole contexts as follows.

O] = ¢
(K] = (O)K[u)
(K)t[u] = (Klu])t

M. K = \z. K[u]

O:AFv)| Tzt K:m
(O0:Tkv)|ITFO:v (O:AFv)|TF M. K:1 — 7

'Et:m — 7 (O:AFv)|TFH K:my
(O:AFv)|TF (H)K 7

(O:AFv)|TH K:1p — 1 F'Ht:m
(O:AFv)|TF (K)t:m

As for terms and substitutions, we denote the set of one-hole contexts that are of type 7 given a
context I and a hole of type v having access to an additional context A by Cx(I', 7, A, v).

Lemma 2.4.2. The following rule is admissible.

O:AkFv)|I'F E:7 ARt :v
'EE[t:T

Proof. Straightforward by induction on the derivation of the one-hole context typing judgment.
O



Definition 2.4.3 (57 reduction). We define the set of atomic 3-reductions and atomic 7-
reductions as follows.

~g = {((Azt)u, tlr :==u]) | t,u € Ay}
oy = {(Az. (D), ) | t e ALY

We then define the contextual closure of these two atomic relations under one-hole contexts in
the following way.

—g = {(E[t],E[t']) | t ~st,Ee€Clx}
= ={(E[t],E[t'] | t ~,t,E€Cxs}

Finally, we define =3, = —3U —, andforr € {f3,7, 81}, we define the relation — as
the reflexive-transitive closure of —, and the relation =, as the symmetric, reflexive, transitive
closure of —,. For any two terms ¢ and u, we say that they are r-equivalent when we have
t =, u, and we say that ¢ r-reduces to u (or that u is an r-reduct of t) when we have ¢t = w.
We say that a term ¢ is r-normal if ¢ has no r-reduct.

Theorem 2.4.4 (Subject reduction). IfI' =1 : 7 andt —g, u, then' - u : 7

Proof. We start by showing that ~»3 and ~~, are compatible with the type system using theo-
rem 2.3.9. We then get the result by applying theorem 2.4.2. O

Theorem 2.4.5 (Sn-normal form). Bn-reduction is confluent and strongly normalizable for typed
terms. This means that for every well-typed termt € Ay, there exists a unique term Nf(t) such
thatt —p, Nf(t) and Nf(t) is Bn-normal.

Proof. By combining theorems 12.35, 7.14 and 7.16 of the book of Hindley and Seldin (1986). [

Definition 2.4.6. We define the set AY, of normal terms by

% = {Nf(Y) | ¢ € Ax}

2.5 Higher-order syntax terms

Proposition 2.5.1. Lett € A}(T', 7).

1. There exist uniquen,m > 0 and x1,..., 2, € A anduy,...,up € A}, anda € L UA
such that
t=Ary1...zp.a(ug, ... ug).
2. T isinthe formT — ... — 7, = v for someTy,..., T, v € T5; .

Proof. The uniqueness is obtained by inverting the rules for constructing terms in addition to
reasoning modulo renaming of bound variables. To prove existence, we start by observing that

by an immediate induction, we get t = Axy ... zp.u(u1,. .., u;) for some u € AY, that is not in
the form (-)-. If for some i € {1,...k} and v’ € Ay, we have u; =7, «', then we would have
t —>En Axy .. xpu(ug, ..., ui—1,u' Uit 1, - - ., ug) which is not possible since t is Sn-normal

10



; therefore Vi € {1,...,k},u; € A},. To conclude, we only have to show that v is not in the
form Az.v'. It can’t be in this form because otherwise ¢ would admit the atomic S-reduction
u ~pg Uz =]

We prove the second point by inverting n times the typing judgment for ¢. O

Definition 2.5.2 (Long normal form). Let ¢ = Azy...25.a(u1,...,u;) € AL(I',7), and
I = ... = T — A = 7. By theorem 2.5.1, m > n. We define the long normal form of ¢
with respect to I" and 7, denoted Nr , (), by

Nr-(t) = Az1 ... pZng1 - Tm-a(Np(u1), ..., NP2 (Uk), Zngts - - o Tm)s

where x4+ 1, ...,y are not free in t and different from x1, ..., zy.
For t € Ay (T, 7), we define

Npﬂ-(t) = NF’T(Nf(t))
In this form, we call (21, ..., x,,) the binder of t, and we call a the head of t.

Definition 2.5.3 (Higher-order syntax terms). We define the set 75 of higher-order terms over
3 by

Ts = H{NF,T(t) | te AE(FvT)}
I,z

Proposition 2.5.4 (Inductive definition of higher-order terms). The set Ty, of higher-order terms

over ¥ is charactarized by the judgement| X | I' F" t : 7| which is defined as follows.

Y|Tx:7H" t:v YUTl'sa:m—...—1mm— A (Z|TF" it ) 1<i<n
YITHF' Azt 7 — v ST F" a(ug,...,up) : A
Proof. Result of theorem 2.5.1. O

Definition 2.5.5 (Structural order). We define < : 75 X 7y as the order induced by the
inductive structure of higher-order terms.

Definition 2.5.6 (Normal substitution). Let 0 € Sx(A,I"). We say that o is normal if for all
x € dom(o), we have o(x) € Tx(I', A(z)). We denote

St (A T) = {0 € Sx(A,T") | oisnormal }

Definition 2.5.7 (Action of a normal substitution). Let 0 € S{(A,I') and t € Tx(A, 7). We
define the action of o on ¢, denoted t[c]y,, as the long normal form of ¢[o].

tlo]n = Nr - (t[o])

The notation [—], for the normal form of a substitution is justified by the following proposi-
tion, which describes hereditary substitution, an algorithm for substitution that ensures normal-
ization of the resulting term on the fly.

11



Proposition 2.5.8 (definition of the action of a normal substitution). The action of a normal
substitution is characterized by the following recursive definition.

Azx.tlo], = Ay.tlo, z := yln (y fresh in t and o)
a(uy,...,up)[olp =tlo,x1 == ur, ..., Ty = Unlh wheno(a) = \xy...x,.1
a(uy,...,up)[oln = a(ui[oln, ..., uplo]ln) when a ¢ dom(o)

Proof. See the article of Keller and Altenkirch (2011). O

3 Matching problem

3.1 The problem

We start by presenting the matching problem, and exhibiting the structure of its solutions, and
defining a notion of canonical solution that can be precisely described.

Definition 3.1.1 (Matching). Let t; € Tx(I',7) and t2 € Tx (0, 7). We say that to matches t; if
there exists IV C I and 0 € S{(0,I") such that ¢; [o], = t2. In that case we write t; <7 t5 and
say that o is a filter for the pair (¢, t2).

Definition 3.1.2 (Matching problem). A matching problem is a pair P = (I", | P|) where I is a
context and | P| is a finite set of triplets (¢, u,7) such thatT' - ¢ : 7 and - F u : 7. We denote
each (t,u,7) € |P|last <7 w.

A substitution o € Sy is a filter for the problem P if it is a filter for each pair in | P|.

Definition 3.1.3 (Substitution preorder). Let 01,09 € Sy,. We write that o is more general
than oy if there exists 8 € Sy; such that o9 = 6 o ¢y. In that case, we write 01 < 09.

Proposition 3.1.4. The relation < is a preorder for the set Ss;. We denote o] the equivalence
class of a substitution o with respect to the equivalence relation induced by <.

Proof. Using theorem 2.3.11, we have that substitution composition is associative and admits id
as a neutral element. We therefore respectively get that < is transitive and reflexive. O

Proposition 3.1.5 (Triangular-form for closed substitutions). Let o € Sx(0,T") with dom(o) =
{z1,...,2,}. We have

o = {zi—o(z)}o...o{zy,— o(zy)}

Proof. This is a direct consequence of the definition of composition combined with the fact that
for any closed term ¢t € AY, and any substitution o € Sy, t[o] = t. O

Definition 3.1.6. Let P be a matching problem. We denote by F(P) the set of all filters for P.
We say that a set S C F(P) is:

1. complete if for all filters o € F(P), there exists a filter o’ € S such that ¢/ < o;

2. minimal if for all distinct pairs of filters 01, 02 € S, we have o1 ﬁ 9.

12



Definition 3.1.7 (Solution to a matching problem). A solution to a matching problem P is a set
S C F(P) that is complete and minimal.

Proposition 3.1.8. Let P be a matching problem with two solutions Sy, S2. We have [S1] = [S2].

Proof. Since S; and S5 have symmetrical roles, it is sufficient to prove that[S;] C [S2]. Let
o1 € Sj. Since Sy is complete, there exists o9 € Sy such that g2 < 0. Since S is complete
there exists o] € S1, o}. By transitivity we get o1 < o7}, but S is minimal, so 01 = o/. Finally,
we have 01 < 09 < 0y, therefore [o1] = [o2]. O

Definition 3.1.9 (Canonical filter). Let t € Tx(I',7), u € Tx(0), 7) and o a filter for the pair
(t,u). For each = € dom(o), we say that x is (¢, u, o)-essential if

tlo — x]n # u.
Given a matching problem P and a filter ¢ for P, o is canonical with respect to P if
Vo € dom(o), 3t <5 u € |P|, xis (t,u,o)-essential

Proposition 3.1.10 (Canonical filter map). Let P be a matching problem. For every filter o for P,
there exists a unique canonical filter, which we denote cp(0), such that cp(o) < o. Additionally,
cp(o) Co.

Proof. We proceed by well-founded induction on the length of dom(o). We reason by cases on
the canonicity of 0.

« If o is already canonical, we only have to prove uniqueness. Let o’ be a canonical filter
such that ¢/ < o. By definition, there exists §# € Sy, such that o = 6 o ¢’. Note that
since o and o’ are closed, for all z € dom(0), either z € dom(¢’) and o(z) = o' (x),
or z € dom(6)\dom(o’) and o(z) = 6(x). We reason by cases.

— If the set dom(#)\dom(o”’) is empty, we must have ¢’ = o, concluding the proof.

- Otherwise, let z € dom(#)\dom(o”). Using theorem 2.3.11, we have, for all ¢ <J
u € |PJ:

tlo — x]p, = t[(0 — ) o ']y = t[o'|n[0 — z]p = u[0 — 2] = u
hence z is not (¢, u, 0)-essential, which is contradictory because o is canonical.

« Otherwise, there exists + € dom(¢) such that forallt <J v € |P|, t[o — ], = u. We
set ¢’ := o — z. By induction hypothesis, there exists a canonical filter cp (o) for P such
that cp(o’) < o’. Using theorem 3.1.5, we have 0 = {2 — o(x)} 0 0/, so 0 < ¢’ and
by transitivity cp(c’) < 0. We set cp(o) := cp(0’). By induction hypothesis, we have
cp(o’) C o’ ; and by definition of ¢/, we have ¢’ C 0. Therefore cp(0) = cp(o’) C 0.
We finally show that there is no other canonical filter by using the same reasoning as the
first step of this proof. O
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Corollary 3.1.11 (Existence of a canonical solution). Let P be a matching problem. The set
Fe(P) = {c(o) | o€ F(P)}
of canonical filters for P is a solution to the problem F¢(P).

Proof. By theorem 3.1.10, F¢(P) is complete and minimal. O]

3.2 Matching algorithm

Starting here, we restrict ourselves to a signature > of the second order and to contexts I" of
the first order.

Definition 3.2.1 (Second-order matching algorithm). We define the judgement

TAFt<Ju-o

by the inductive system of rules that follows.

D|Az:AFt<fu-o
TAFMt<IT7 Nzu-o

INTRODUCE

YUASa:m X...7, > A (F’AFti[Ui_lo...oal]h SZ,—Z Uz'AUz')lgign
L'|AFa(ty,... ty) S{f‘a(ul,...,un)#Jno...oal

SIMPLIFY

1<i<n CIAFE f(tr,...,t)[f = Az1. .. xpmilh <fu-do
D, f i X oo X Ty = A|AF f(tr, .. tn) <SP udoo{f = Aoy ... xp.2)

ProjeCT

1 k;
(Vi =t v; X ... x V" = Bj)i<i<n

\

0 .= {f|—>/\371...xn.F()\yl,...,yki.fi(ml,...,xn,yl,...,ykij)}
YOo5F:v1X...Xv, — B

Cofie oS I AF f(ty, . t0)[0]h <8 Flug, ... upm) 4o
fimx ... X1y = A[AF f(t,... tn) <8 F(ut,...,um) 4 (0080) = fi,..., fm

IMITATE

)

If we can derive the judgementI' | A F ¢ <7 u - o, we claim that o is a canonical substitution
for the problem ¢ <7 u under the context I" and with bound variables in A.

We only consider judgements where we have AUT = (). This can always be ensured because
the only rule extending A is the INTRODUCE rule, which enriches A with a bound variable,
therefore we can always rename the bound variable to be disjoint from the domain of T".

Definition 3.2.2. Lett € Tx((I', A),7) and u € T (A, 7). We say that a substitution o €
Sx(0,T) is is A-canonical with respect to the problem {t <7 u} if for every enumeration
Z1,...x, of dom(A), o is canonical with respect to

(z1) XX A(Tn)—T A

A
ATY .. Tt <5 T1...TnU.
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It is clear that o is a canonical filter (in the sense of theorem 3.1.9) with respect to {t <7 u}
if and only if it is ()-canonical with respect to the same problem.

Theorem 3.2.3 (Soundness). IfI" | A+t <7 u - o, then o is a A-canonical filter with respect
to the problem {t <3 u}.

Proof. We prove it by induction on the derivation of the judgement.

DA z:AFY <$d' Ho ) '
» Case i : by the Barendregt variable convention, we may
FAF Nzt <74 Mo Ho

assume that x is fresh enough, so that

Azt o]y = M.t [0, 2 — z]p = Azt [o]h.
By induction hypothesis, t'[o], = v/, so
= (A\z.t[o]h = Az = u.
And for y € dom(c), by induction hypothesis, t'[c — y], # . Therefore we have
tlo — ylh = M.t [o — ylp # Az = u.
So o is a A-canonical filter with respect to t <7 u

YUASa:m X...Tp > A (T Ak tifoi—10...001)n S?Tiui—|ai)1§i§n‘

T|AFa(ty,... tn) <2 a(ug,...,uy) 4op0...00,
We show that o is a filter for the pair (¢ <j w):

« Case

tlolh = alt1, ..., ty)[ono...001]n
= a(tifopo.. ool]h,...,tn[ano...oal]h)
= a(t1[o1]n[on o ... 0 02)n, ta[o2 0 o1]p[on o ... 0 03]h, ... tulon 0. ..001]n) theorem 2.3.11
= a(u[opo.. OO’Q]h,’LLQ[O'n e 003y Up) by IH
=a(uy,...,up). (u;); are closed

In order to prove that o is A-canonical, we need to show that the (;)1<;<y have disjoint
domains. Let i € {2,...,n}. By induction hypothesis, o; is A-canonical for the problem
tiloi—1 0...001]n <§ u;, therefore for any « € dom(o;), z is free in t;[o;_1 0 ... 0 01],
and in particular, since o1, ...,0;_1 are closed, 0;_1 o ... 0 g1 is also closed and = must
not be defined in it. In other words, x ¢ dom(o;—1 0...001) = dom(oy U...Uoy).
We now show that o is A-canonical. Suppose by contradiction that there exists z € o
such that t[o — z];, = u. We then have forany ¢ € {1,...,n},t;[c — x], = ;. Since the
(0:)1<i<n have disjoint domains, there exists i € {1 < i < n} such that z € o;

o—x=o0p0...0(0; —x)o...00].

15



By induction hypothesis, t;[o; o ... 0 01]p is closed so the only possible free variable in
til(o; —x) o...001]nis x and since for any j # i, x ¢ o; we have:

u; = tilopo...0(0; —x)o...01]p
=ti[(0; —x)o...001]n[ono...00i11]n theorem 2.3.11
=ti[(0s —x)o...00]; (x ¢ 0j)j>i et FV(t) C {z}
=ti[oj—10...001]n[o; — x]p theorem 2.3.11

So 0; is not A-canonical for t;[o;_1 o ... 0 01]y <§ w;, which contradicts the induction
hypothesis.
1<i<n CIAF f(t, .. to)f = Av1 . cxp2i]y <G u o

D, f i X X Ty = A AF f(ty, .. tn) <P u—do o {f = Azy .. xpai}
The fact that o is a filter is straightforward:

o Case

t[O’]h = f(tla o 7tn)[al o {f — )\xl .. xnxz]h
= f(t1,... . to)[f = Az1...2p.2iln[o']n theorem 2.3.11

=u induction hypothesis
f is trivially (¢, u, o)-essential:

t[a—f]h:f(tl,...,tn)[a—f]h:f(tl[a—f]h,...,tn[a—f]h)#u,

so we only have to show that all x € ¢’ are (¢, u, o)-essential. Let z € ¢’. By hypothesis,
o’ is A-canonical for a term that does not have f as a free variable so x # f, therefore
we have:

tlo —zlh = f(t1,- .., tn)[(0" — ) o {f = Az1 ... 20w }]n

= f(t1,. .., to)lf = A1 ... xp.2ilnlo’ — 2]y theorem 2.3.11
#u induction hypothesis
Cofieyeeiifm: | AF f(ty, . t)[0]h <5 Flu, ... upm) 4o

« Case he

D, f imi X X T = A|AF ftr,. . t) <5 Fug,. .. ty) (aoH)—fi.t
proof for this case is analogous to that of the PROJECT case, with the straightforward
additional step showing that the (f;); are (and are the only) non-(¢, u, o o §-essential
variables.

O]

3.3 Completeness

Lemma 3.3.1. Let o1 € Sy(0,T'1) and o5 € Sx(0,T'2). If o2 C 01, then

09001 =01009 =01.
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Proof. By definition of substitution composition, we have
dom(og 0 01) = dom(oy 0 02) = dom(o2) Udom(oy) = dom(oy).
And for z € dom(oy),
(02 0 01)(2) = (01.7)[02]n = 01(2)[02]n = 01 ()
where the last step equality follows from o (x) being close, and

o2(z)[o1]h = 02(x) = 01(z) if x € o9 (because o2 C 071)

(01 009)(z) = (02.2)[01]h = {

z[o1]h = o1(2) otherwise.
O

Theorem 3.3.2 (Completeness). Lett € Te((I',A),7),u € Te(A, 1) ando € Sz(0,T). If o is
a A-canonical filter with respect to {t <7 u}, then we havel' | AF-t <7 u o

Proof. We prove it by well-founded induction on the pair (u, t) using the lexicographic order
< X < of the structural order < on higher-order terms. We reason by cases on the form of .

o Case t = \z.t’: Assuming, without loss of generality, that x is fresh enough, we have
u = tlo]p = (\x.t')[o]p = Az.t'[o]p.
And for y € o, since ¢ is A-canonical we have
tlo]n # tlo =yl

= \z.t'lo — ylh.
By combining the two equations above, we get Az.t'[c], # Az.t'[0c — y]p. Which im-
plies that ¢'[o], # t'[0c — y]h. By inverting the typing judgement for ¢, we have that
DAz :m Ht :mand 7 = 71 — 7 for some 71,79 € Ty. Therefore, o is (A, : 71)-
canonical with respect to the problem ¢’ <7* t'[g]p. Since u = Az.t'[o]n, we have
(t',t'[o]n) < Xz =< (t,u) ; by induction hypothesis, we have I' | A,z : 7y F ' <3
t'[o]n - o, and can therefore apply the rule INTRODUCE in conjunction with the hypothe-
sis that (A\z.t')[o]n = u.

DAz:mbt <Pdoldo

F|AF Xt <7 uAo

« Caset =a(ty,...,ty) with X UASa:7 X... X7, — A: we have 7 = A and
u=tloly = a(ti[o]n, ..., talo]n).
We denote (u; = t;[0]n)1<i<n and we define substitutions (0;)1<i<n by induction.

g1 = Ct1§;1u1(a)

Oi+1 = Cti-{-l[Uio-~'oa'1]h§;i+1ui+l (U) 1<i1<n

These substitutions are well-defined: we show by induction that for alli € {1,...,n},
0; C o and o is a filter for t;[o;_1 0 ... 0 01]n <7 w;.
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— Case 0: by hypothesis, o is a filter for t; <7' w1, and by a combination of the
definition of Cpy <y and theorem 3.1.10, o1 C 0.

— Case 7 + 1: By induction hypothesis,
dom(o;o...007) =dom(o;) U...Udom(o1) C dom(o).

Which allows us to have

tiviloio...001]p[olh = tiz1[(oio...001) 0 0lh theorem 2.3.11
= tiy1[o]n theorem 3.3.1
= Uj+1-

o is therefore a filter, making ;41 well-defined ; and by theorem 3.1.10 and by
definition of 0,11, 0541 C 0.

Therefore, for all i € {1,...,n}, by definition of o;,
0; is a A-canonical filter for ¢;[o;_1 0 ... 001]n <7 u;.

Foralli € {1,...,n}, u; < wso (uj, t;[...]) < Xz < (u,t) ; by induction hypothesis,
we get
(F | AF ti[ai—l ©0...0 Ul]h S;L U; = Ui)lgign-

This allows us to apply the SiMPLIFY rule and obtain
DIAFa(ty,... tn) <2 a(ug,...,up) Jono...001.

Since t = a(t1,...,t,) and u = a(uq,...,uy), all we need to do is to show that o =
On ©...007. Using the soundness theorem, we have that o, 0. .. 0o is A-canonical for
the problem. But by hypothesis, o is also A-canonical. By theorem 3.1.10, the two are
equal.

Case t = f(t1,...,tp) with' > f : 71 X ... X 7, — A: in that case, 7 = A. Let
a(ui, ..., un) be the form of u, and v; X ... X v, — A be the type of a. Since u €
T (A, A) where A is a primitive type, its binder is empty and its head a is either a function
symbol in ¥ or a variable in A. Since the variable f is the head of ¢, it is necessarily
(t,u, 0)-essential, therefore by theorem 3.1.5 there exists some ¢’ such that f ¢ ¢’ and

o=0oo{f~oa(f)}

There exist (wi)lgign S An, r > 0, (Hi)lgigr (S T;, (’Ui € E(A/,lﬂ))lgigT and
SUA'"3b: Ky X ... X K = A such that

o(f) = Az1...2p.b(v1,. .., 0p),

where A" := (1 : 71,...,2, : 7,). Without loss of generality, we may assume that the
(x;); do not appear in I or A.
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We have

a(uy,...,up) =1u
= t[o]n
= [t tn)lo" o (f = o ()]
= f(t1,-. -, to)[f = Ax1, .. mpb(vr, .. 00) k[0 ]n
=b(v1,...,v0)[0" 21 = ti[o]h, .oy = talo]n]h-

Let’s abbreviate (o/, (x; +— t;[0]n)1<i<n) as 0”. We separate two cases based on the
nature of b.

1. If b € A’ (i.e. there exists 1 < i < n such that b = z;), we necessarily have r = 0
since f is of order 1. We get in that case

u = b(’Ul, ce ,?)n)[O'//]h = 1'1'[0'//}}1 = ti[a]h,

therefore ¢ is a filter for the problem ¢; S?Ti u;. It is also A-canonical because if
we had some y € ¢’ such that u = t;[0’ — y|,,, we would also have u = t[o — y]j
which contradicts the fact that o is A-canonical for t <7 u. We have t; < ¢ so
(ti,u) < Xz < (t,u), we can therefore apply our induction hypothesis to obtain

TAFt <8 u-o
Since t; = f(t1,...,tn)[f = Ax1...2pn.2;|n, we can apply the PROJECT rule to get

CIAFt<Su—o o(f = Aey...2zp.2)

2. Otherwise, b € 3. We write F' instead of b to emphasize on the fact that it is an
operator symbol. In that case:

a(uy,...,up) = F(vg,... ,vn)[aﬂ]h = F(vl[U/’]h, .. ,vr[a"]h),

soa = F,r =mand (u; = v;[0”]h)1<i<m. In addition to that, since the (v;); only

have x1, ...,z as free variables, we have for alli € {1,...,m},

U; = Ui[J”]h = Ui[U,.%'l — tl[U], e, Iy tn[UHh = Ui[xl — tl[U], e, Iy tn[UHh-
For eachi € {1,...,n}, we define a fresh variable f; € A and its associated type:

v} =171 — ... — T, — v;. Morally, we want each f; to imitate the term v; which

has access to the free variables 1, ..., x;, of respective types 71, ..., Tp.

We set

=T —f), fr:0, . fm U,
0 = f — F()\.’El . ..l‘n.NF/w/l(fl(CL‘l,...,.’L’n)),. . .,Nplma(fn(ﬂfl,. . .,an)))v
t' = t[0]p.
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We observe that § € Sy,((I”, A), (T, A)), so by theorem 2.4.4, we have ", A -t/ : A
Fori € {1,...,m}, we define

pPi = (fz — )\1'1, R ,xn.vi),
and
Pi=pPLO...0pPm
Leti € {1,...,m}, and let Az} ...z 0/ be the long normal form of v; where
Uil X ... X Ufi — B = v; for some types vil,...,vf",B. We have
N 060 81 o ol
= (A .. zzf(hW]..wt[ﬂmz%.nyﬁﬁﬂdoph
= \z} fl iy = t1[p o O], ,:cn»—>tn[p09]h,zl-1»—>Zi1,...,zfiHzfi]h[a/]h
= \z}. f’. o = ti[poOln, .., xn = tu[p o O)pln[o’]n-
On the other hand,

pogzpvf'_)F(Ulv"'vvm)
=p,fro(f)

So since FV(v}) N dom(o”) = FV(¢;) Ndom(p) = ) we get:

Nr Ul(fl(tl[e]ha"'atn[e]h))[alop]h
=Xz} 2ol e e (o f e 0(F)) 0 0 Thy s ta[(p, f 5 O(F)) ©

i
=z} ... zf o’ a1 = tifpoaln, ..., Tn = talp o olnln
=\z1...2. vl[aslHtl[poa]h,...,xnth[poa]h]h
= Azt 2Rl e ta[oln, - 2 ta o]
= u,.

Finally, if we denote for all 7 the term Az} ... 2% fi(t1[0], . . ., tn[0]n) by f/, we
have

=F(fl,--- fm)lo" o pln

= F(filo" o pln, - frulo" o pln)
= F(u1,...,Un)

=u

Therefore, o’ o p is a filter for the problem ' S{;‘ u. It is also A-canonical: all the
(fi)i are essential or else they remain free in t’. And for y € ¢, if we assume by
contradiction that ¢'[(¢” — y) o p], = u, we can redo the three calculations above
and show that t[oc — y|;, = u which is absurd because o is canonical for the pair

20

' n]h



t <.
We have the canonical pair ¢’ o p for the problem ¢’ §?A u. Since the left-hand
side is u itself, we can use the result of the second case of this proof, and arrive

immediately at
IV |AFtY <t uHod op,

which can be rewritten as
C—f), fr:v s fm Ul | A, < w0’ op.
We can now apply the IMITATE and we get
D|AFt<$u—((c"0p)ob)—fi,..., fm.
To conclude, let us simplify this substitution:

((U/Op>09)_f17"'7fm:(U/O(pog))_fla"'vfm
=(o"o(p,f =)= f1,--, fm
= (

UOP)—fla“-,fm
=(cofip(fi)o...ofm=p(fm)) = fr,- ) fm
=0 O

3.4 Implementation

Theorems 3.2.3 and 3.3.2 show that the inference system we defined completely covers the
problem of second-order unification. Here, we make the observation that this inference system
describes, in fact, an algorithm.

Given a judgement I' | A - t <7 u - o, we choose to see the five first arguments
(T, A, t,7,u) as the input, and o as the output. With this dichotomy, we see that each one of the
four inference rules we defined has the property that the inputs of the premise can be trivially
computed using the inputs of the result, and the output of the result can be computed trivially
using the outputs of the premise. This, combined with the fact that for a given input tuple,
there are only finitely many applicable inference rules, means that we have a non-deterministic
algorithm that, assuming it terminates, gives us all canonical substitutions for a given problem,
hence the solution to that problem. Therefore, to be convinced that we have an algorithm that
computes the solution of any second-order matching problem, we only have to show that our
algorithm always terminates.

Lemma 3.4.1 (Termination). Let (I, A,t,7,u,0), be the data of a judgement. There exists no
infinite sequence of upwards derivations using the inference rules defined in theorem 3.2.1 and
starting withT' | AFt <F u 0.

Proof. We prove it by induction on the pair (u, t), using the lexicographic product < X < of
the structural order < on higher-order terms. We proceed by cases on the derivation of the
judgement.
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DA z: ARt <t/ o
+ Case Yy : by induction hypothesis, since v’ < \z.u' = u,
L|AF Xt <574 Nz Ho

the judgement I' | A,z : At S{;‘ v’ - o is derived in a finite number of steps.

SUASa:m X...Tty = A (F | AFti[Ui,lo...oal]h S;Z ui—|ai)1§i§n

F|A|—a(t1,...,tn)§{;‘a(u1,...,un)—|ano...oal ‘
foralli € {1,...}, by induction hypothesis, since u; < a(uy,...,u,) = u, the judgement
I' Ak tiloi—10...001]n <3 u; 1 0y is derived in a finite number of steps.

« Case

1<i<n TIAF fty, .. t)[f = Az1. . zp2i]h <Ju-o
Df i x.o..ox1,—=A|AF f(t1,...,tn) §{;‘u—|0’o{f>—>)\m1...xn.mi}.

« Case we

have
f(t1, ..., tn)[f — Az1...2pn.27i]n = t;. By induction hypothesis, since ¢; < ¢, the judge-
ment I' | A +t; <§ u - 0 is derived in a finite number of steps.

Cofieyeeisfm: | AF f(tr, . t)[0]h <5 Flu, ... upm) 4o

:in
D,f imi X X7 = A|AF ftr,. . ty) <5 Fluy,... up) 4 (008) — f;
that case, we have

« Case

fltr, .o t)0hn=F(fr(-.), ooy fin(c20).
Since F' is rigid, by inversion of the judgement
DIAFFf(.), s fm( ) <8 Flug, ... um) o,
the only applicable rule is the SimpPLIFY rule, which gets us to m judgements of the form
rAkFfi(..) <5 udo

which are all derived in a finite number of steps by induction hypothesis. O
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